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We analyse a spin precession of slow neutrons in the Einstein–Cartan gravity with torsion,
chameleon and magnetic field. For the derivation of the Heisenberg equation of motion of the
neutron spin we use the effective low–energy potential, derived by Ivanov and Wellenzohn (Phys.
Rev. D 92, 125004 (2015)) for slow neutrons, coupled to gravitational, chameleon and torsion fields
to order 1/m, where m is the neutron mass. In addition to this low–energy interactions we switch
on the interaction of slow neutrons with a magnetic field. We show that to linear order approx-
imation with respect to gravitational, chameleon and torsion fields the Dirac Hamilton operator
for fermions (neutrons), moving in spacetimes created by rotating coordinate systems, contains the
anti–Hermitian operators of torsion–fermion (neutron) interactions, caused by torsion scalar and
tensor space–space–time and time–space–space degrees of freedom. Such anti–Hermitian operators
violate CP and T invariance. In the low–energy approximation the CP and T violating torsion–
fermion (neutron) interactions appear only to order O(1/m). One may assume that in the rotating
Universe and galaxies the obtained anti–Hermitian torsion–fermion interactions might be an origin
of i) violation of CP and T invariance in the Universe and ii) of baryon asymmetry. We show that
anti–Hermitian torsion–fermion interactions of relativistic fermions, violating CP and T invariance,
i) cannot be removed by non–unitary transformations of the Dirac fermion wave functions and
ii) are conformal invariant. According to general requirements of conformal invariance of massive
particle theories in gravitational fields (see R. H. Dicke, Phys. Rev. 125, 2163 (1962) and A. J.
Silenko, Phys. Rev. D 91, 065012 (2015)), conformal invariance of anti–Hermitian torsion–fermion
interactions is valid only if the fermion mass is changed by a conformal factor.
PACS numbers: 03.65.Pm, 04.25.-g, 04.25.Nx, 14.80.Va
I. INTRODUCTION
Recently [1] we have derived to order O(1/m) the most general effective low–energy potential for slow Dirac
fermions with mass m, coupled to gravitational, chameleon and torsion fields in the Einstein–Cartan gravity. We have
reduced the obtained potential to order O(1) in the large fermion mass expansion. We have shown that the torsion
pseudoscalar and tensor degrees of freedom can be, in principle, measured in terrestrial laboratories through minimal
torsion–fermion couplings by using rotating devices. This is similar to the experiments by Atwood et al. [2] and by
Mashhoon [3]. These experiments used a rotating two–crystal neutron interferometer and a neutron interferometer
in a rotating reference frame, respectively. We have assumed that the measurements of the transition frequencies
between quantum gravitational states of ultracold neutrons in the qBounce experiments [4]–[9] as functions of an
angular velocity ~ω of a rotating mirror should provide a new level of highly precise probes of the properties of the
Einstein–Cartan gravity, dark energy and evolution of the Universe. In turn, the measurements of the phase–shift of
slow neutron wave function as a function of an angular velocity ~ω by a rotating neutron interferometer [10] should be
of use for terrestrial probes of new gravitational, chameleon and torsion interactions, derived in [1].
In this paper we propose an analysis of a spin precession of slow neutrons in the Einstein–Cartan gravity with
torsion, chameleon and magnetic fields. As has been mentioned by Lehnert, Snow, and Yan [11], a spin precession
of slow neutrons is a very sensitive technique to search for possible exotic neutron interactions. In the experiment
[11] for the measurement of an upper bound of the linear superposition of constant torsion scalar and pseudoscalar
degrees of freedom ζ, caused by torsion–fermion interactions by Kostelecky, Russell, and Tasson [12], a neutron spin
rotation in the liquid 4He was investigated. The upper bound |ζ| < 9.1 × 10−23GeV, obtained by Lehnert, Snow,
and Yan [11], is by a factor 105 larger compared with the estimate |ζ| < 10−27GeV, obtained in [13] by using the
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2estimates in Table I by Kostelecky et al. [12]. A spin dynamics of Dirac fermions with mass m in curved spacetimes
has been also investigated by Obukhov, Silenko, and Teryaev in [14–16].
The paper is organized as follows. In section II we calculate the effective low–energy potential, derived in [1], to
linear order in gravitational, chameleon and torsion fields in the spacetime with the Schwarzschild metric, taken in
the weak gravitational field approximation and modified by the chameleon field and rotation with an angular velocity
~ω. We show that the linearised effective low–energy potential contains the anti–Hermitian interactions, vanishing at
zero angular velocity. In section III we give a detailed analysis of the anti–Hermitian interactions. In section IV we
derive the Heisenberg equation of motion for a neutron spin precession in terms of the angular velocity operators,
caused by i) a magnetic field, ii) gravitational and chameleon fields and iii) a torsion field, defining Hermitian and
anti–Hermitian torsion–fermion interactions. In section V we show that the anti–Hermitian Hamilton operator and,
correspondingly, the anti–Hermitian effective low–energy potential of torsion–fermion interactions, violating CP and
T invariance, i) cannot be removed by non–unitary (non–Hermitian) transformations [16]–[24] (see also [1]), ii) are
conformal invariant [20, 21] and, referring to the experiments by Atwood et al. [2] and by Mashhoon [3], iii) can be in
principle observable. It should be emphasized that, according to the general requirements of conformal invariance of
massive particle theories in gravitational fields under conformal transformation g˜µν → O2gˇµν (see, for example, Brans
and Dicke [25], Dicke [26] and Silenko [21]), anti–Hermitian torsion–fermion interactions are conformal invariant only
if the fermion mass m is changed by a conformal factor O, i.e m→ O−1mˇ. In section VI we summarize the obtained
results and discuss some possible consequences of the anti–Hermitian torsion–fermion interactions. In the Appendix
we give a detailed calculation of the operator Gjˆ , responsible for the anti–Hermitian part of Dirac Hamilton operator
and of the effective low–energy potential of slow fermions, coupled to gravitational, chameleon and torsion fields to
linear order approximation in curved spacetimes with rotation.
II. SCHRO¨DINGER–PAULI EQUATION FOR SLOW NEUTRONS IN EINSTEIN–CARTAN GRAVITY
WITH TORSION, CHAMELEON AND MAGNETIC FIELDS
The Schro¨dinger–Pauli equation for slow neutrons, coupled to gravitational, chameleon, torsion and magnetic fields
in the Einstein–Cartan gravity [1], is equal to
i
∂Ψ(t, ~r )
∂t
= HFWΨ(t, ~r ) (1)
where Ψ(t, ~r ) is the wave function of slow neutrons and H is the Foldy–Wouthuysen Hamilton operator given by
HFW = − 1
2m
∆+mUE − ~µ · ~B + Φ˜eff(t, ~r, ~S ), (2)
where m is the neutron mass, ∆ is the Laplace operator, UE = ~g · ~r is the gravitational potential of the Earth
with the Newtonian gravitational acceleration ~g, and ~B is a magnetic field. The neutron magnetic dipole moment
~µ = 2κn µN ~S [27] is expressed in terms of the neutron anomalous magnetic moment κn = −1.9130427(5), measured in
nuclear magnetons µN = e/2mp = 3.1524512605(22)×10−8 eVT−1 [28], which is defined in terms of the electric charge
e and mass mp of the proton, and the neutron spin operator ~S =
1
2 ~σ, where ~σ are the 2×2 Pauli matrices [29]. Then,
Φ˜eff(t, ~r, ~S ) = Φeff(t, ~r, ~S )−UE, where Φeff(t, ~r, ~S ) is the effective low–energy potential for slow neutrons, coupled to
gravitational, chameleon and torsion fields (see Eq.(A.15) of Ref.[1]). We would like to note that we have included
the interaction of slow neutrons with a magnetic field to linear order approximation of the magnetic field. Since
below we analyse the contributions of the effective low–energy potential Φeff(t, ~r, ~S ) to linear order approximation of
gravitational, chameleon and torsion fields, we have neglected all interactions, containing the products of a magnetic
field with gravitational, chameleon and torsion fields.
The calculation of the effective low-energy potential Φeff(t, ~r, ~S ) we perform in the curved spacetime with the line
element [1] (see also [15])
ds˜2 = V˜ 2(x) dt2 + ηjˆℓˆW˜
jˆ
j (x)W˜
ℓˆ
ℓ (x)
(
dxj −Kj(x) dt
)(
dxℓ −Kℓ(x) dt
)
, (3)
where jˆ = 1, 2, 3 and j = 1, 2, 3 are indices of the Minkowski and curved spacetime, respectively, ηjˆℓˆ is a spatial
part of the metric tensor in the Minkowski spacetime. The functions V˜ 2(x) and W˜ jˆj (x) are defined by an arbitrary
gravitational field. In comparison with Obukhov, Silenko, and Teryaev [15] the functions V˜ 2(x) and W˜ jˆj (x) are
modified by the chameleon field. In turn, the functions Kj(x), caused by rotations, are not modified by the chameleon
3field. The vierbein fields in terms of which slow neutrons couple to gravitational, chameleon and torsion fields in the
Einstein–Cartan gravity with the metric tensor in Eq.(3) are equal to [1]
e˜0ˆ0(x) = V˜ (x) , e˜
jˆ
0(x) = −W˜ jˆj (x)Kj(x) , e˜0ˆj(x) = 0 , e˜jˆj(x) = W˜ jˆj (x),
e˜0
0ˆ
(x) =
1
V˜ (x)
, e˜0
jˆ
(x) = 0 , e˜j
0ˆ
(x) =
Kj(x)
V˜ (x)
, e˜j
jˆ
(x) = W˜ j
jˆ
(x). (4)
The vierbein fields in Eq.(4) have been calculated at the assumption that the functions W˜ jˆj (x) and W˜
j
jˆ
(x) obey the
orthogonality relations [1]
W˜ jˆj (x)W˜
j
ℓˆ
= δjˆ
ℓˆ
, W˜ j
jˆ
(x)W˜ jˆℓ = δ
j
ℓ , (5)
which are fulfilled for the Schwarzschild metric in the weak gravitational field approximation [13]. In terms of the
vierbein fields Eq.(4) the effective low–energy potential Φeff(t, ~r, ~S ) is given by
Φeff(t, ~r, ~S ) = (A− 1)m+B + 2C ℓˆSℓˆ + i Lj
∂
∂xj
+
1
2m
ηjˆkˆ
(Dj
jˆ
Dk
kˆ
A
− δj
jˆ
δk
kˆ
) ∂2
∂xj∂xk
+
1
4mA
ηjˆkˆDj
jˆ
∂Dk
kˆ
∂xj
∂
∂xk
+
1
4m
ηjˆkˆDk
kˆ
∂
∂xk
(Dj
jˆ
A
) ∂
∂xj
+
1
2mA
i ǫjˆkˆℓˆ SℓˆD
j
jˆ
∂Dk
kˆ
∂xj
∂
∂xk
− 1
2m
i ǫjˆkˆℓˆ SℓˆD
k
kˆ
∂
∂xk
(Dj
jˆ
A
) ∂
∂xj
+
1
2mA
ηjˆkˆ Gjˆ D
k
kˆ
∂
∂xk
+
1
4m
ηjˆkˆDk
kˆ
∂
∂xk
(Gjˆ
A
)
− 1
2m
i ǫjˆkˆℓˆ SℓˆD
k
kˆ
∂
∂xk
(Gjˆ
A
)
+
1
mA
iSkˆKDk
kˆ
∂
∂xk
+
1
2m
iSkˆDk
kˆ
∂
∂xk
(K
A
)
+
1
2mA
ηjˆkˆGkˆD
j
jˆ
∂
∂xj
+
1
4mA
ηjˆkˆDj
jˆ
∂Gkˆ
∂xj
+
1
2mA
i ǫjˆkˆℓˆ SℓˆD
j
jˆ
∂Gkˆ
∂xj
+
1
2mA
ηjˆkˆ Gjˆ Gkˆ +
1
mA
iSkˆKGkˆ +
1
mA
iS jˆKDj
jˆ
∂
∂xj
+
1
2mA
iS jˆDj
jˆ
∂K
∂xj
+
1
mA
iS jˆK Gjˆ +
1
2mA
K2 − 1
4mA2
ηjˆkˆDj
jˆ
Dk
kˆ
∂A
∂xk
∂
∂xj
− 1
8mA
ηjˆkˆDj
jˆ
∂
∂xj
(Dk
kˆ
A
∂A
∂xk
)
− 1
4mA
i ǫjˆkˆℓˆ SℓˆD
j
jˆ
∂
∂xj
(Dk
kˆ
A
∂A
∂xk
)
− 1
4mA2
ηjˆkˆ Gjˆ D
k
kˆ
∂A
∂xk
− 1
2mA2
i SkˆKDk
kˆ
∂A
∂xk
+
1
4mA3
ηjˆkˆDj
jˆ
Dk
kˆ
∂A
∂xj
∂A
∂xk
. (6)
The operators A, B, C ℓˆ, Dj
jˆ
, Gjˆ , K and L
j are equal to [1]
A = e˜0ˆ0(x),
B = −1
2
i e˜0ˆ0(x)
1√−g˜
∂
∂xj
(√
−g˜ e˜j
0ˆ
(x)
)
+
1
2
i (e˜0ˆ0(x))
2 e˜j
0ˆ
(x)
1√
−g˜(x)
∂
∂xj
(√
−g˜(x) e˜0
0ˆ
(x)
)
,
C ℓˆ =
1
4
e˜0ˆ0(x)
(
ω˜0jˆkˆ(x) e˜
0
0ˆ
(x) + ω˜ℓjˆkˆ(x) e˜
ℓ
0ˆ
(x) + ω˜ℓ0ˆjˆ(x) e˜
ℓ
kˆ
(x)− ω˜ℓjˆ0ˆ(x) e˜ℓkˆ(x)
)
ǫjˆkˆℓˆ,
Dj
jˆ
= −e˜0ˆ0(x) e˜jjˆ(x),
Gjˆ =
1
2
e˜0ˆ0(x)
(
T˜ ααℓ(x) e˜ℓjˆ(x) + ω˜0jˆ0ˆ(x) e˜00ˆ(x) + ω˜ℓjˆ0ˆ(x) e˜ℓ0ˆ(x) + ω˜ℓjˆkˆ(x) e˜ℓℓˆ(x) ηℓˆkˆ
)
+
1
2
(e˜0ˆ0(x))
2 e˜j
jˆ
(x)
1√
−g˜(x)
∂
∂xj
(√
−g˜(x) e˜0
0ˆ
(x)
)
,
K = −1
4
ω˜ℓjˆkˆ(x) e˜
0ˆ
0(x) e˜
ℓ
ℓˆ
(x) ǫjˆkˆℓˆ,
Lj = −e˜0ˆ0(x) e˜j0ˆ(x). (7)
Here g˜(x) = −det{g˜µν(x)}, where the metric tensor in the Jordan frame g˜µν(x) is related to the metric tensor
in the Einstein frame gµν(x) by g˜µν(x) = f
2(x) gµν(x) [30, 31], where the conformal factor f(x) = e
β φ(x)/MPl is
defined in terms of the chameleon field φ(x), the chameleon–matter coupling constant β and the reduced Planck mass
MPl = 1/
√
8πGN = 2.435×1027 eV with the Newtonian gravitational constant GN [28]. The spin connection ω˜µαˆβˆ(x)
is defined by [1, 13]
ω˜µαˆβˆ(x) = −ηαˆϕˆ
(
∂µe˜
ϕˆ
ν (x)− Γ˜α µν(x)e˜ϕˆα(x)
)
e˜ν
βˆ
(x). (8)
4where α = 0, 1, 2, 3 and αˆ = 0, 1, 2, 3 are the indices in the 4–dimensional curved and Minkowski spacetime, respec-
tively. The affine connection Γ˜α µν(x) is determined by
Γ˜α µν(x) = {˜αµν}+ K˜α µν(x), (9)
where {˜αµν} are the Christoffel symbols [32]
{˜αµν} = 1
2
g˜αλ
(∂g˜λµ
∂xν
+
∂g˜λν
∂xµ
− ∂g˜µν
∂xλ
)
(10)
and K˜α µν(x) = − 12 (T˜ α µν(x) − T˜µ
α
ν(x) − T˜ν
α
µ(x)) is the contorsion tensor, expressed in terms of the torsion
field T˜ α µν(x) = g˜ασ(x) T˜σµν (x) [13]. For the analysis of the effective potential Eq.(6) we assume a motion of Dirac
fermions with mass m in the curved spacetime with the Schwarzschild metric, taken in the weak gravitational field
approximation and modified by the contributions of the chameleon field and rotation. The line element of such a
spacetime is given by [1]
ds˜2 = (1 + 2U+) dt
2 + 2 (1− 2U−) ~K · d~r dt− (1− 2U−) d~r 2, (11)
where we have neglected the contribution of the terms of order ~K 2 that is well justified in terrestrial laboratories [33]
and kept the contributions of the chameleon field to linear order. The potentials U± are equal to [13]
U± = UE ± β
MPl
φ(x). (12)
To linear order contributions of the gravitational and chameleon field the vierbein fields Eq.(4) read
e˜0ˆ0(x) = 1 + U+ , e˜
jˆ
0(x) = −(1− U−)K jˆ(x) , e˜0ˆj(x) = 0 , e˜jˆj(x) = (1− U−) δjˆj ,
e˜0
0ˆ
(x) = 1− U+ , e˜j0ˆ(x) = +(1− U+)K
j(x) , e˜0
jˆ
(x) = 0 , e˜j
jˆ
(x) = (1 + U−) δ
j
jˆ
. (13)
In the spacetime with metric Eq.(11) and the vierbein fields Eq.(13) the operators A, B, C ℓˆ, Dj
jˆ
, Gjˆ , K and L
j,
calculated to linear approximation in gravitational, chameleon and torsion fields, are equal to
A = 1 + U+,
B = −1
2
i div ~K,
C ℓˆ = −1
4
(rot ~K )ℓˆ +
1
8
ǫℓˆjˆkˆ (Tjˆkˆ0ˆ + Tkˆ0ˆjˆ + T0ˆjˆkˆ) +
1
4
ǫℓˆjˆkˆKjˆ T0ˆ0ˆkˆ +
1
4
ǫℓˆjˆkˆ TjˆkˆaˆK aˆ =
= −1
4
(rot ~K )ℓˆ +
1
4
Bℓˆ + 1
6
KK ℓˆ + 1
4
ǫℓˆjˆkˆKjˆM0ˆ0ˆkˆ +
1
4
ǫℓˆjˆkˆMjˆkˆaˆK aˆ,
Dj
jˆ
= −(1 + U+ + U−) δjjˆ ,
Gjˆ = −
1
2
∂
∂xjˆ
(U+ + U−) +
1
2
(T0ˆjˆℓˆ + Tℓˆjˆ0ˆ)K ℓˆ +
1
2
Kjˆ Tℓˆkˆ0ˆ ηℓˆkˆ =
= −1
2
∂
∂xjˆ
(U+ + U−) +
2
3
E0ˆKjˆ +
1
2
(Mℓˆjˆ0ˆ +M0ˆjˆℓˆ)K ℓˆ,
K = −1
8
ǫjˆkˆℓˆ Tjˆkˆℓˆ +
1
8
ǫjˆkˆℓˆKjˆ T0ˆkˆℓˆ =
= −1
4
K + 1
12
~K · ~B + 1
8
ǫjˆkˆℓˆKjˆM0ˆkˆℓˆ,
Lj = −Kj, (14)
where Bℓˆ = 12 ǫℓˆjˆkˆ (Tjˆkˆ0ˆ + Tkˆ0ˆjˆ + T0ˆjˆkˆ), K = 12 ǫjˆkˆℓˆ Tjˆkˆℓˆ, Mσˆµˆνˆ (M0ˆ0ˆkˆ, M0ˆjˆℓˆ, Mℓˆjˆ0ˆ and Mjˆkˆℓˆ) and E0ˆ = T αˆαˆ0ˆ are
torsion axial–vector, pseudoscalar, tensor and scalar degrees of freedom, respectively [1, 13]. For the calculation of
the operators in Eq.(14) we have used the following irreducible representation of the torsion field Tσµν [12] (see also
[1, 13])
Tσˆµˆνˆ(x) = 1
3
(
ησˆµˆEνˆ(x)− ησˆνˆEµˆ(x)
)
+
1
3
ǫσˆµˆνˆαˆ Bαˆ(x) +Mσˆµˆνˆ(x). (15)
5The torsion field Tσˆµˆνˆ(x), antisymmetric with respect to indices µˆ and νˆ, possesses 24 independent components, where
the 4–vector Eνˆ(x) and axial 4–vector Bαˆ(x) fields with 4 independent degrees of freedom each are defined by
Eνˆ(x) = ησˆµˆ Tσˆµˆνˆ(x) , Bαˆ(x) = 1
2
ǫαˆσˆµˆνˆ Tσˆµˆνˆ(x). (16)
The residual 16 degrees of freedom are absorbed by the tensor Mαˆµˆνˆ , which obeys the constraints ησˆµˆMσˆµˆνˆ =
ǫαˆσˆµˆνˆMσˆµˆνˆ = 0. Then, ǫσˆµˆνˆαˆ and ǫαˆσˆµˆνˆ are the Levi–Civita tensors such as ǫ0ˆ1ˆ2ˆ3ˆ = −ǫ0ˆ1ˆ2ˆ3ˆ = −1 [29]. For the
derivation of the axial–vector field Bαˆ in terms of the torsion field Tσˆµˆνˆ(x) we have used the relation ǫαˆσˆµˆνˆǫσˆµˆνˆβˆ = −6 δαˆβˆ
[29]. Now we rewrite the effective low–energy potential Eq.(6) omitting the terms, which contributions are smaller
compared to the terms of the linear order approximation
Φeff(t, ~r, ~S ) = (A− 1)m+B + 2C ℓˆSℓˆ + i Lj
∂
∂xj
+
1
2m
ηjˆkˆ
(Dj
jˆ
Dk
kˆ
A
− δj
jˆ
δk
kˆ
) ∂2
∂xj∂xk
+
1
4mA
ηjˆkˆDj
jˆ
∂Dk
kˆ
∂xj
∂
∂xk
+
1
4m
ηjˆkˆDk
kˆ
∂
∂xk
(Dj
jˆ
A
) ∂
∂xj
+
1
2mA
i ǫjˆkˆℓˆ SℓˆD
j
jˆ
∂Dk
kˆ
∂xj
∂
∂xk
− 1
2m
i ǫjˆkˆℓˆ SℓˆD
k
kˆ
∂
∂xk
(Dj
jˆ
A
) ∂
∂xj
+
1
2mA
ηjˆkˆ Gjˆ D
k
kˆ
∂
∂xk
+
1
4m
ηjˆkˆDk
kˆ
∂
∂xk
(Gjˆ
A
)
− 1
2m
i ǫjˆkˆℓˆ SℓˆD
k
kˆ
∂
∂xk
(Gjˆ
A
)
+
1
mA
iSkˆKDk
kˆ
∂
∂xk
+
1
2m
iSkˆDk
kˆ
∂
∂xk
(K
A
)
+
1
2mA
ηjˆkˆ GkˆD
j
jˆ
∂
∂xj
+
1
4mA
ηjˆkˆDj
jˆ
∂Gkˆ
∂xj
+
1
2mA
i ǫjˆkˆℓˆ SℓˆD
j
jˆ
∂Gkˆ
∂xj
+
1
mA
iS jˆKDj
jˆ
∂
∂xj
+
1
2mA
iS jˆDj
jˆ
∂K
∂xj
− 1
4mA2
ηjˆkˆDj
jˆ
Dk
kˆ
∂A
∂xk
∂
∂xj
− 1
8mA
ηjˆkˆDj
jˆ
∂
∂xj
(Dk
kˆ
A
∂A
∂xk
)
− 1
4mA
i ǫjˆkˆℓˆ SℓˆD
j
jˆ
∂
∂xj
(Dk
kˆ
A
∂A
∂xk
)
. (17)
Plugging the operators Eq.(14) into Eq.(17) we arrive at the following effective low–energy potential
Φ˜eff(t, ~r, ~S ) = Φ
(1)
eff (t, ~r,
~S ) + Φ
(2)
eff (t, ~r,
~S ) + Φ
(3)
eff (t, ~r,
~S ) + Φ
(4)
eff (t, ~r,
~S ), (18)
where we have denoted:
Φ
(1)
eff (t, ~r,
~S ) = m (U+ − UE)− i ~K · ~∇− i 1
2
div ~K +
1
2
~S · rot ~K − 1
2
~S · ~B
− 1
3
K ~S · ~K − 1
2
~S · ( ~K × ~M ) + 1
2
Sjˆ ǫ
jˆkˆℓˆMkˆℓˆaˆK aˆ (19)
with ( ~M )kˆ = −M0ˆ0ˆkˆ. The effective low–energy potential Eq.(19) agrees well with the result, obtained in [1]. Then,
the potential Φ
(2)
eff (t, ~r,
~S ), taking the form
Φ
(2)
eff (t, ~r,
~S ) = − 1
2m
~∇(U+ + 2U−) · ~∇− 1
2m
(U+ + 2U−)∆− 1
8m
∆(U+ + 2U−)− i
2m
~S ·
(
~∇(U+ + 2U−)× ~∇
)
+
i
2m
K ~S · ~∇+ i
4m
~S · ~∇K, (20)
reproduces the results, obtained in [13]. The potentials Φ
(3)
eff (t, ~r,
~S ) and Φ
(4)
eff (t, ~r,
~S ) are equal to
Φ
(3)
eff (t, ~r,
~S ) = − i
6m
( ~K · ~B ) ~S · ~∇− i
12m
~S · ~∇( ~K · ~B )− i
4m
(ǫjˆkˆℓˆKjˆM0ˆkˆℓˆ) ~S · ~∇−
i
8m
~S · ~∇(ǫjˆkˆℓˆKjˆM0ˆkˆℓˆ) (21)
and
Φ
(4)
eff (t, ~r,
~S ) = − 2
3m
E0ˆ ~K · ~∇−
1
3m
~∇ · (E0ˆ ~K )−
1
2m
(Mℓˆjˆ0ˆ +M0ˆjˆℓˆ)K ℓˆ
∂
∂xjˆ
− 1
4m
∂
∂xjˆ
(
(Mℓˆjˆ0ˆ +M0ˆjˆℓˆ)K ℓˆ
)
+
2
3m
i ~S · rot(E0ˆ ~K )−
1
2m
i ǫjˆkˆℓˆ Sℓˆ
∂
∂xjˆ
(
(Maˆjˆ0ˆ +M0ˆjˆaˆ)K aˆ
)
, (22)
and define new torsion–fermion (neutron) low–energy interactions. On the whole the effective low–energy potential
Eq.(18) possesses the following properties. First of all, we would like to accentuate that to linear approximation
6in gravitational, chameleon and torsion fields there are no new chameleon–fermion interactions in comparison with
those, calculated in [13]. To order 1/m the potential Φ
(3)
eff (t, ~r,
~S ) describes new torsion–fermion interactions of torsion
axial–vector ~B and tensorM0ˆkˆℓˆ degrees of freedom. Then, the effective low–energy potential Φ(4)eff (t, ~r, ~S ), containing
new torsion interactions with slow fermions to order 1/m, is anti–hermitian. It violates invariance under time reversal
transformation (or T –invariance) and under Charge–Parity transformation (or CP–invariance). In section III we
discuss in detail such a property of the effective low–energy potential Φ
(4)
eff (t, ~r,
~S ).
III. SPACETIME METRIC AND ANTI–HERMITICITY OF THE EFFECTIVE LOW–ENERGY
POTENTIAL Φ
(4)
eff (t, ~r,
~S )
First of all we would like to note that the metric Eq.(11) is not invariant under time reversal transformation t→ −t.
As a result, one can expect a possible violation of T –invariance [34]. Since a violation of time reversal invariance is
yielded by the effective low–energy potential Φ
(4)
eff (t, ~r,
~S ), below we analyse step by step the appearance of such a
potential.
The operator Φ
(4)
eff (t, ~r,
~S ) one may obtain from the following terms of the effective low–energy potential Eq.(17)
δΦeff(t, ~r, ~S ) =
1
2mA
ηjˆkˆ Gjˆ D
k
kˆ
∂
∂xk
+
1
4m
ηjˆkˆDk
kˆ
∂
∂xk
(Gjˆ
A
)
− 1
2m
i ǫjˆkˆℓˆ SℓˆD
k
kˆ
∂
∂xk
(Gjˆ
A
)
+
1
2mA
ηjˆkˆ GkˆD
j
jˆ
∂
∂xj
+
1
4mA
ηjˆkˆDj
jˆ
∂Gkˆ
∂xj
+
1
2mA
i ǫjˆkˆℓˆ SℓˆD
j
jˆ
∂Gkˆ
∂xj
. (23)
In the linear approximation for interacting gravitational, chameleon and torsion fields the potential Eq.(23) reduces
to the form
δΦeff(t, ~r, ~S ) = − 1
m
ηjˆkˆ Gjˆ
∂
∂xkˆ
− 1
2m
ηjˆkˆ
∂Gjˆ
∂xkˆ
+
1
m
i ǫjˆkˆℓˆ Sℓˆ
∂Gkˆ
∂xjˆ
, (24)
where we have replaced A→ 1, Dk
kˆ
→ −δk
kˆ
and Dj
jˆ
→ −δj
jˆ
(see Eq.(14)). Setting K jˆ = 0 we get (see the Appendix)
Gjˆ = −
1
2
∂
∂xjˆ
(U+ + U−). (25)
The contribution of the operator Gjˆ , given by Eq.(25), is important for the derivation of the gravitational–chameleon
part of the effective low–energy potential Φ
(2)
eff (t, ~r,
~S ), which is Hermitian. This confirms the correctness of the terms
proportional to Gjˆ and Gkˆ in the effective low–energy potential Φeff(t, ~r,
~S ).
In the curved spacetime with torsion and metric Eq.(11) the operator Gjˆ acquires a certain contribution of the
torsion field (see the Appendix)
Gjˆ = −
1
2
∂
∂xjˆ
(U+ + U−) +
2
3
E0ˆKjˆ +
1
2
(Mℓˆjˆ0ˆ +M0ˆjˆℓˆ)K ℓˆ. (26)
Another confirmation of the correctness of the calculation of the contribution of torsion field to the operator Gjˆ is a
cancellation of the part independent of K jˆ. Indeed, a direct calculation of the torsion K jˆ–independent part in the
operator Gjˆ gives (see the Appendix)
Gjˆ
∣∣∣torsion
K jˆ=0
=
1
2
T αˆαˆjˆ +Kjˆ0ˆ0ˆ +Kjˆℓˆkˆ ηℓˆkˆ =
1
2
T0ˆ0ˆjˆ +
1
2
Tjˆℓˆkˆ ηℓˆkˆ +
1
2
Kjˆ0ˆ0ˆ +
1
2
Kjˆℓˆkˆ ηℓˆkˆ = 0. (27)
In the right–hand–side (r.h.s.) of Eq.(27) the first and second terms are cancelled by the third and fourth ones,
respectively. This agrees well with results, obtained by Kostelecky [35] (see also [13]). In turn, the contribution of
the K jˆ–dependent part (see the Appendix)
Gjˆ
∣∣∣torsion
O(K jˆ)
=
1
2
(Kjˆ0ˆℓˆ +Kjˆℓˆ0ˆ)K ℓˆ −
1
2
Kjˆ K0ˆℓˆkˆ ηℓˆkˆ =
1
2
(T0ˆjˆℓˆ + Tℓˆjˆ0ˆ)K ℓˆ +
1
2
Kjˆ Tℓˆkˆ0ˆ ηℓˆkˆ =
=
2
3
E0ˆKjˆ +
1
2
(Mℓˆjˆ0ˆ +M0ˆjˆℓˆ)K ℓˆ 6= 0, (28)
7which is fully correlated with the K jˆ–independent part through the affine connection (see the Appendix), does not van-
ish. Hence, taking the operator Gjˆ , given by Eq.(26), we obtain the effective low–energy potential Φ
(4)
eff (t, ~r,
~S ), which
is anti–Hermitian only due to the contribution of torsion and contains both torsion–non–spin–matter and torsion–
spin–matter interactions. Thus, we have proved that the appearance of the anti–Hermitian potential Φ
(4)
eff (t, ~r,
~S ) is
not a mistake of the calculation but an objective reality, caused by the presence of the torsion scalar E0ˆ and tensor
Mℓˆjˆ0ˆ and M0ˆjˆℓˆ degrees of freedom in rotating coordinate systems.
IV. HEISENBERG’S EQUATION FOR SPIN OPERATOR OF SLOW NEUTRONS IN
EINSTEIN–CARTAN GRAVITY WITH TORSION, CHAMELEON AND MAGNETIC FIELDS
A time evolution of the neutron spin operator ~S is described by Heisenberg’s equation of motion [36]
d~S
dt
=
∂~S
∂t
+ i [H, ~S ]. (29)
Since the spin operator ~S does not depend explicitly on time, the partial derivative in Eq.(29) is equal to zero. This
yields
d~S
dt
= i [H, ~S ]. (30)
Since the operator of the kinetic energy of slow neutrons commutes with a neutron spin, we arrive at the equation
dSaˆ
dt
= ǫaˆbˆcˆ ΩmbˆScˆ + i [Φ˜eff(t, ~r,
~S ), Saˆ], (31)
where Ωmbˆ = −κnµNBbˆ with Bbˆ = (− ~B )bˆ (or ~Ωm = −κnµN ~B), is the standard angular velocity of the neutron spin
precession in the magnetic field ~B [27]. For the calculation of the term ǫaˆbˆcˆ ΩmbˆScˆ = (
~Ωm× ~S )aˆ, where Ωmbˆ = (−~Ωm)bˆ
and Scˆ = (−~S )cˆ, we have used the commutation relation [S bˆ, Saˆ] = i ǫaˆbˆcˆ Scˆ. The contribution of the commutator
[Φeff(t, ~r, ~S ), S
aˆ] can be written in the following standard form
i [Φ˜eff(t, ~r, ~S ), S
aˆ] = ǫaˆbˆcˆΩbˆScˆ = (
~Ω× ~S )aˆ, (32)
where ~Ω is the angular velocity operator of the neutron spin precession, determined by
~Ω = ~Ωr + ~Ωgr−ch + ~Ωt + ~Ωh¯, (33)
where the indices r, gr− ch, t and h¯ mean “rotation”,”gravitation–chameleon”, “torsion” and “anti–Hermitian”,
respectively. The angular velocity operators in the r.h.s. of Eq.(33) are equal to
Ωbˆr = −
1
2
ǫbˆkˆℓˆ
∂
∂xkˆ
Kℓˆ,
Ωbˆgr−ch = −
i
2m
ǫbˆjˆkˆ
∂
∂xjˆ
(U+ + 2U−)
∂
∂xkˆ
,
Ωbˆt = −
1
2
Bbˆ − 1
3
KK bˆ + 1
2
ǫbˆjˆkˆKjˆM0ˆ0ˆkˆ −
1
2
ǫbˆkˆℓˆMkˆℓˆjˆ K jˆ −
i
2m
K ∂
∂xbˆ
− i
4m
∂
∂xbˆ
K
+
i
6m
( ~K · ~B ) ∂
∂xbˆ
+
i
12m
∂
∂xbˆ
( ~K · ~B ) + i
4m
(ǫjˆkˆℓˆKjˆM0ˆkˆℓˆ)
∂
∂xbˆ
+
i
8m
∂
∂xbˆ
(ǫjˆkˆℓˆKjˆM0ˆkˆℓˆ),
Ωbˆh¯ = −
2
3m
i ǫbˆkˆℓˆ
∂
∂xkˆ
(E0ˆKℓˆ) +
1
2m
i ǫbˆkˆℓˆ
∂
∂xℓˆ
(
(Mjˆkˆ0ˆ +M0ˆkˆjˆ)K jˆ
)
. (34)
8For the coordinate system, rotating with an angular velocity ~ω, where K jˆ = −ǫjˆkˆℓˆωkˆxℓˆ = −(~ω × ~r )jˆ , we get
Ωbˆr = −ωbˆ,
Ωbˆgr−ch = −i
3
2m
(~∇UE × ~∇ )bˆ + i 1
2m
β
MPl
(~∇φ× ~∇ )bˆ,
Ωbˆt = −
1
2
Bbˆ + 1
3
(~ω × ~rK)bˆ − 1
2
(
xbˆ(ωkˆM0ˆ0ˆkˆ)− ωbˆ(xkˆM0ˆ0ˆkˆ)
)
+
1
2
ǫbˆkˆℓˆMkˆℓˆjˆ ǫjˆpˆqˆ ωpˆ xqˆ
− i
2m
K ∂
∂xbˆ
− i
4m
∂
∂xbˆ
K − i
6m
(
~ω · (~r × ~B )
) ∂
∂xbˆ
− i
12m
∂
∂xbˆ
(
~ω · (~r × ~B )
)
+
i
4m
(
(ωkˆxℓˆ − ωℓˆxkˆ)M0ˆkˆℓˆ
) ∂
∂xbˆ
+
i
8m
∂
∂xbˆ
(
(ωkˆxℓˆ − ωℓˆxkˆ)M0ˆkˆℓˆ
)
,
Ωbˆh¯ = −
2
3m
i
(
~∇E0ˆ × (~ω × ~r ) + 2E0ˆ ~ω
)bˆ
+
1
2m
i ǫbˆkˆℓˆ
∂
∂xℓˆ
(
(Mjˆkˆ0ˆ +M0ˆkˆjˆ) ǫjˆpˆqˆωpˆxqˆ
)
. (35)
The experimental analysis of the spin–rotation couplings, calculated above, can be, for example, carried out by neutron
interferometer [37]–[49] with rotating interferometers [2, 3, 49].
V. PROPERTIES OF THE DIRAC HAMILTON OPERATOR IN CURVED SPACETIMES
The anti–Hermitian interactions appears also in the Hamilton operator of a relativistic Dirac fermion with mass
m. Indeed, as has been shown in [1] the Hamilton operator of a relativistic Dirac fermion is equal to H′ = H0 + δH
′,
where H0 = γ
0ˆm− i γ 0ˆ~γ · ~∇ is the Hamilton operator of a free Dirac fermion with mass m and δH′ is the interaction
Hamilton operator equal to [1]
δH′ = (A− 1)γ 0ˆm+B + C ℓˆΣℓˆ + (Djjˆ + δ
j
jˆ
) iγ 0ˆγ jˆ
∂
∂xj
+ Fjˆiγ
0ˆγ jˆ
∂
∂t
+Gjˆ iγ
0ˆγ jˆ +K γ5 + Ljˆ i
∂
∂xjˆ
. (36)
For the operators A, B, C ℓˆ, Dj jˆ, Gjˆ , K and L
jˆ, given by Eq.(14), the Hamilton operator can be represented in the
form δH′ = δH′h + δH
′
h¯
, where δH′h and δH
′
h¯
are the Hermitian and anti–Hermitian parts of the Hamilton operator
Eq.(36), respectively, equal to
δH′h = U+γ
0ˆm− (U+ + U−) i γ 0ˆ~γ · ~∇− 1
2
i γ 0ˆ ~∇(U+ + U−)
− 1
2
i div ~K − i ~K · ~∇+ 1
4
~Σ · rot ~K
− 1
4
~Σ · ~B − 1
6
K ~Σ · ~K + 1
4
ǫℓˆjˆkˆ ΣℓˆKjˆM0ˆ0ˆkˆ +
1
4
ǫℓˆjˆkˆ ΣℓˆMjˆkˆaˆK aˆ
− 1
4
K γ5 + 1
12
~K · ~B γ5 + 1
8
ǫjˆkˆℓˆKjˆM0ˆkˆℓˆ γ5 (37)
and
δH′h¯ = −i
2
3
E0ˆ ~K · γ 0ˆ~γ + i
1
2
(Mℓˆjˆ0ˆ +M0ˆjˆℓˆ)K ℓˆγ 0ˆγ jˆ . (38)
One may assume that in the rotating Universe and galaxies [50] (see also [51]) the torsion–fermion interaction Eq.(38)
might be an origin of i) violation of CP and T invariance in the Universe and ii) of baryon asymmetry [28].
A. Standard non–unitary transformation of Dirac fermion wave functions and anti–Hermitian
torsion–fermion interactions
It is well–known that the Hamilton operator of the Dirac fermions with mass m, moving in the curved spacetime
with a metric gµν , is not Hermitian. In order to get a Hermitian Hamilton operator one has to perform the standard
non–unitary transformation of the wave function of the Dirac fermions ψ → (√−g e0ˆ0)1/2ψ′, where g is a determinant of
the metric tensor gµν(x) and e
0ˆ
0(x) is a vierbein field [17, 18], [14, 15, 19], [16], [20, 21] and [24] (see also [1, 13, 22, 23]).
9As has been shown in [1], the Hamilton operator H′ = γ 0ˆm − i γ 0ˆ~γ · ~∇ + δH′h + δH′h¯ has been already obtained by
means of the standard non–unitary transformation ψ → (√−g˜ e˜0ˆ0)1/2ψ′, where g˜ is a determinant of the Jordan–frame
metric tensor g˜µν(x) and e˜
0ˆ
0(x) is a vierbein field in the Jordan frame (see Eq.(13) of Ref.[1]). The appearance of the
anti–Hermitian term δH′
h¯
in the Hamilton operator H′ = γ 0ˆm− i γ 0ˆ~γ · ~∇+ δH′h+ δH′h¯ is fully related to the spacetime
metric Eq.(11) as a functional of the vector ~K, caused by rotations, or more generally to the spacetime metric Eq.(3)
(see also Eq.(20) of Ref.[1]), proposed by Obukhov, Silenko, and Teryaev [14–16].
B. Non–unitary transformations of Dirac fermion wave functions and removal of anti–Hermitian
torsion–fermion interactions
Now we would like to show that the anti–Hermitian (non–Hermitian) Hamilton operator δH′
h¯
, given by Eq.(38),
cannot be removed by a non–unitary (non–Hermitian) transformation of the Dirac fermion (neutron) wave function.
After the standard non–unitary transformation of the Dirac fermion wave function ψ → (√−g˜ e˜0ˆ0)1/2ψ′ (see Eq.(13)
of Ref.[1]) we arrive at the following Dirac fermion action
Sψ =
∫
dtd3xψ′†(t, ~r )
(
i
∂
∂t
−H′
)
ψ′(t, ~r ) =
∫
dtd3xψ′†(t, ~r )
(
i
∂
∂t
−H0 − δH′h − δH′h¯
)
ψ′(t, ~r ), (39)
where H0 = γ
0ˆm − i γ 0ˆ~γ · ~∇. In order to analyse a possibility to remove the term δH′
h¯
we make a non–unitary
(non–Hermitian) transformation
ψ′(t, ~r ) = ζ ψ′′(t, ~r ), (40)
where ζ = 1 +Q = 1 + ηjˆkˆO
jˆγkˆ and Ojˆ is a Hermitian non–differential operator, i.e. Qjˆ† = Qjˆ . The operator ζ is a
non–unitary (non–Hermitian) operator ζ† = 1+Q† = 1−ηjˆkˆOjˆγkˆ 6= ζ. Then, for the derivation of the Dirac Hamilton
operator H′′ we use the following relations ζ†δH′h = δH
′
h and of ζ
†δH′
h¯
= δH′
h¯
and δH′hζ = δH
′
h and δH
′
h¯
ζ = δH′
h¯
.
Plugging Eq.(40) into Eq.(39) we transcribe the action Sψ into the form
Sψ =
∫
dtd3xψ′′†(t, ~r )
(
i
∂
∂t
−H′′
)
ψ′′(t, ~r ), (41)
where the Hamilton operator H′′ is equal to
H′′ = H0 + δH
′
h + δH
′
h¯ + [H0, Q]− i
∂Q
∂t
. (42)
Plugging Q = ηjˆkˆO
jˆγkˆ into Eq.(42) and calculating the commutator [H0, Q] we get
H′′ = H0 + δH
′
h + δH
′
h¯ + 2mηjˆkˆQ
jˆγ 0ˆγkˆ − i γ 0ˆ∂Q
jˆ
∂xjˆ
− 2i γ 0ˆQjˆ ∂
∂xjˆ
+ εjˆℓˆkˆγ 0ˆΣjˆ
∂Qkˆ
∂xℓˆ
− i ∂Qjˆ
∂t
γ jˆ. (43)
It is obvious that for the Hermitian operator Qjˆ, i.e. Qjˆ† = Qjˆ corresponding to a non–Hermitian transformation
with the operator ζ† 6= ζ, the term 2mηjˆkˆQjˆγ 0ˆγkˆ cannot cancel the contribution of the anti–Hermitian operator
δH′
h¯
. The use of the anti–Hermitian operator Qjˆ → iQjˆ, corresponding to a Hermitian (unitary) transformation with
an operator ζ = 1 + i Q = 1 + i ηjˆkˆO
jˆγkˆ such as ζ† = ζ, allows to shift the Hamilton operator δH′
h¯
, which is the
odd operator according to the Foldy–Wouthuysen classification [52], to the region of interactions of order O(1/m).
In detail such a unitary transformation or the Foldy–Wouthuysen transformation for the derivation of the effective
low–energy potential Eq.(17) has been performed in [1]. The linearised version of this effective low–energy potential
is given by Eq.(18).
C. Non–Hermiticity of Dirac Hamilton operator, η–representation and anti–Hermitian torsion–fermion
interactions
An alternative transition from a non–Hermitian Hamilton operator of the Dirac massive fermions, moving in the
curved spacetime with an arbitrary metric tensor gµν(x), to a Hermitian form can be performed by using the η–
representation of the Dirac fermion wave functions [24]. In the η–representation the Dirac Hamilton operator becomes
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Hermitian without the standard non–unitary transformation of the Dirac fermion wave function ψ → (√−g˜ e˜0
0ˆ
)1/2ψ′
and the dynamics of the Dirac fermions is described by the pseudo–Hermitian quantum mechanics [24] (see also [53–
55]). Since in our analysis of the torsion–fermion interactions within the Einstein–Cartan gravity with the chameleon
field we use the standard non–unitary transformation of the Dirac fermion wave function ψ → (√−g˜ e˜0
0ˆ
)1/2ψ′, the
dynamics of the Dirac fermions and the contributions of the anti–Hermitian torsion–fermion interactions, violating
CP and T invariance, to the observables can be described within the formalism of the standard relativistic and
non–relativistic quantum mechanics [56, 57].
D. Conformal invariance of anti–Hermitian torsion–fermion interactions
As has been shown by Silenko [20], the Dirac and Foldy–Wouthuysen Hamilton operators for massless fermions
in the curved spacetimes with arbitrary metric g˜µν are invariant under conformal transformation g˜µν → O2gˇµν if
the wave function of massless fermions is subjected to the non–unitary transformation ψ′ → O3/2ψˇ. In [21] the
results, obtained in [20], have been extended to massive fermions coupled to gravitational field and torsion in the
Einstein and Einstein–Cartan gravity, respectively, with the requirement that the fermion mass transforms under
the conformal transformation g˜µν → O2gˇµν as follows m → O−1mˇ. This agrees well with the dimensional analysis
of general relativity, carried out by Dicke [26] for the reduction of the Brans–Dicke gravitational theory [25] to the
Einstein gravity, coupled to an effective scalar field. According to Silenko [21], the vector Kj and the contorsion tensor
K˜αµν = − 12 (T˜αµν − T˜µαν − T˜ναµ) are not changed by the conformal transformation g˜µν → O2gˇµν , i.e. Kj → Kˇj = Kj
and K˜αµν → Kˇαµν . Since the Hamilton operator δHhˆ is expressed in terms of the components of the contorsion tensor
Kαˆµˆνˆ and the vector K jˆ
δH′h¯ = Gjˆ
∣∣∣torsion
O(K jˆ)
i γ 0ˆγ jˆ =
1
2
(Kjˆ0ˆℓˆ +Kjˆℓˆ0ˆ)K ℓˆ i γ 0ˆγ jˆ −
1
2
Kjˆ K0ˆℓˆkˆ ηℓˆkˆ i γ 0ˆγ jˆ =
= −i 2
3
E0ˆ ~K · γ 0ˆ~γ + i
1
2
(Mℓˆjˆ0ˆ +M0ˆjˆℓˆ)K ℓˆγ 0ˆγ jˆ , (44)
it is invariant under the conformal transformation g˜µν → O2gˇµν , i.e. δH′h¯ → δHˇ′h¯, where Gjˆ
∣∣∣torsion
O(K jˆ)
, given by (see
Eq.(28))
Gjˆ
∣∣∣torsion
O(K jˆ)
=
1
2
(Kjˆ0ˆℓˆ +Kjˆ ℓˆ0ˆ)K ℓˆ −
1
2
Kjˆ K0ˆℓˆkˆ ηℓˆkˆ, (45)
is conformal invariant Gjˆ
∣∣∣torsion
O(K jˆ)
→ Gˇjˆ
∣∣∣torsion
O(K jˆ)
. Under the conformal transformation g˜µν → O2gˇµν the vierbein fields
transform as follows e˜αˆµ → Oeˇαˆµ and e˜µαˆ → O−1eˇµαˆ. Since the fermion mass transforms as m → O−1mˇ, the operators
mA = −me˜0ˆ0 and Djjˆ = −e˜0ˆ0e˜
j
jˆ
(see Eq.(7)) are invariant under the conformal transformation, i.e. mA → mˇAˇ and
Dj
jˆ
→ Dˇj
jˆ
. In order to show that the effective low–energy potential Φ
(4)
eff (t, ~r,
~S ) is conformal invariant we transcribe
the effective low–energy potential δΦeff(t, ~r, ~S ), given by Eq.(23), into the form
δΦtorsioneff (t, ~r, ~S ) =
1
2mA
ηjˆkˆGjˆ
∣∣∣torsion
O(K jˆ)
Dk
kˆ
∂
∂xk
+ ηjˆkˆDk
kˆ
∂
∂xk
( 1
4mA
Gjˆ
∣∣∣torsion
O(K jˆ)
)
− i ǫjˆkˆℓˆ SℓˆDkkˆ
∂
∂xk
( 1
2mA
Gjˆ
∣∣∣torsion
O(K jˆ)
)
+
1
2mA
ηjˆkˆGkˆ
∣∣∣torsion
O(K jˆ)
Dj
jˆ
∂
∂xj
+
1
4mA
ηjˆkˆDj
jˆ
∂
∂xj
Gkˆ
∣∣∣torsion
O(K jˆ)
+
1
2mA
i ǫjˆkˆℓˆ SℓˆD
j
jˆ
∂
∂xj
Gkˆ
∣∣∣torsion
O(K jˆ)
, (46)
Because of the conformal invariance of mA → mˇAˇ, Dj
jˆ
→ Dˇj
jˆ
and Gjˆ
∣∣∣torsion
O(K jˆ)
→ Gˇjˆ
∣∣∣torsion
O(K jˆ)
the effective low–energy
potential Eq.(46) is conformal invariant, i.e. δΦtorsioneff (t, ~r,
~S ) → δΦˇtorsioneff (t, ~r, ~S ). This proves the conformal invari-
ance of the effective low–energy potential Φ
(4)
eff (t, ~r,
~S ), i.e. Φ
(4)
eff (t, ~r,
~S ) → Φˇ(4)eff (t, ~r, ~S ). Thus, we have shown that
after the non–unitary transformation of the Dirac fermion wave function ψ → (√−g˜ e˜0
0ˆ
)1/2ψ′ in the Jordan frame
with the metric tensor g˜µν(x) the non–Hermitian (anti–Hermitian) torsion–fermion interactions, violating T and CP
invariance, are conformal invariant. This agrees well with the results, obtained by Silenko in Ref.[21].
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E. The argument in behalf of observability of anti–Hermitian torsion–fermion interactions
Now we would like to discuss a possible observability of the anti–Hermitian torsion–fermion interactions, violating
CP and T invariance. For the coordinate system, rotating with an angular velocity ~ω, the vector ~K is equal to
~K = −(~ω × ~r ) [14, 15, 33]. The effective low–energy potential Eq.(18) is equal to
Φ˜eff(t, ~r, ~S ) = Φ
(1)
eff (t, ~r,
~S )
∣∣∣
~K=−(~ω×~r )
+Φ
(2)
eff (t, ~r,
~S )
∣∣∣
~K=−(~ω×~r )
+Φ
(3)
eff (t, ~r,
~S )
∣∣∣
~K=−(~ω×~r )
+Φ
(4)
eff (t, ~r,
~S )
∣∣∣
~K=−(~ω×~r )
.
(47)
Here the effective low–energy potential Φ
(1)
eff (t, ~r,
~S )
∣∣∣
~K=−(~ω×~r )
is
Φ
(1)
eff (t, ~r,
~S )
∣∣∣
~K=−(~ω×~r )
= m(U+ − UE)− ~ω · ~L− ~ω · ~S − 1
2
~S · ~B + 1
3
K ~S · (~ω × ~r )
− 1
2
~S ·
(
~M× (~ω × ~r )
)
− 1
2
Sj ǫ
jkℓMkℓa ǫabcωbxc. (48)
where ( ~M )k = −M00k [1]. In Eq.(48) the first term m (U+ − UE) describes the chameleon–matter interaction
[58, 59], whereas the terms −~ω · ~L and −~ω · ~S, where ~L = −~r× i ~∇ is the orbital momentum operator of slow fermions
(neutrons), agree well with the results, obtained by Hehl and Ni [33]. The interactions −~ω · ~L and −~ω · ~S were
investigated and observed in the experiments by Werner, Staudenmann, and Colella [60], by Atwood et al. [2] and
by Mashhoon [3]. Since the effective low–energy potentials Φ
(n)
eff (t, ~r,
~S )
∣∣∣
~K=−(~ω×~r )
for n = 2, 3, 4, are calculated from
the general effective low–energy potential Eq.(6) as well as the potential Φ
(1)
eff (t, ~r,
~S )
∣∣∣
~K=−(~ω×~r )
, the observability
of the interactions −~ω · (~L + ~S ) supports in principle an observability of the torsion–fermion interactions in the
effective low–energy potential Eq.(48), the Hermitian interactions Φ
(2)
eff (t, ~r,
~S )
∣∣∣
~K=−(~ω×~r )
and Φ
(3)
eff (t, ~r,
~S )
∣∣∣
~K=−(~ω×~r )
and, correspondingly, the anti–Hermitian interaction Φ
(4)
eff (t, ~r,
~S )
∣∣∣
~K=−(~ω×~r )
, respectively.
VI. CONCLUSION
We have derived the operator of the angular velocity of the neutron spin precession in the Einstein-Cartan gravity
with torsion and chameleon fields. For the calculation of such an operator we have used the most general effective
low–energy potential for slow Dirac fermions, coupled to gravitational, chameleon and torsion fields to order 1/m,
where m is the fermion mass [1]. In order to adapt such an effective low–energy potential to the experimental analysis
of the contributions of fermion–gravitational,–chameleon and –torsion interactions we have linearised it with respect to
gravitational, chameleon and torsion fields. Such a linearisation we have carried out in the curved spacetime with the
Schwarzschild metric, taken in the approximation of the weak gravitational field and modified by a rotation with an
angular velocity ~ω and the chameleon field. We have shown that in the curved spacetime with such a modified metric
torsion scalar, pseudoscalar, axial–vector and tensor degrees of freedom couple to slow neutrons through minimal
torsion–fermion couplings [1]. The obtained linearised effective low–energy potential Eq.(18) is the generalization of
the effective low–energy potential, derived in [13].
An important peculiarity of the linearised effective low–energy potential Eq.(18) is the appearance of the anti–
Hermitian part. Such a part of the effective low–energy potential comes from the operator Gjˆ and proportional to
the vector K jˆ = −(~ω × ~r )jˆ , related to a rotation of a coordinate system. A possible violation of Hermiticity of a
low–energy potential for slow fermions, coupled to gravitational, chameleon and torsion fields in terms of the vierbein
fields Eq.(4), caused by the metric Eq.(3), might be expected because of a non–invariance of the metric tensor Eq.(3)
and, correspondingly, Eq.(13) in a rotating coordinate system with respect to time reversal transformation, i.e. a non–
invariance under t→ −t transformation. We have found that the anti–Hermitian part contains the terms proportional
to vector K jˆ and dependent on the torsion scalar E0ˆ and space–space–timeMjˆkˆ0ˆ and time–space–spaceM0ˆkˆjˆ tensor
degrees of freedom. For the confirmation of the correctness of such an anti–Hermitian part we have pointed out that
the contribution of the operatorGjˆ is important for the correct derivation of the effective low–energy potential for slow
fermions (neutrons), coupled to gravitational and chameleon fields. Another argument on behalf of the correctness
of such an anti–Hermitian part is the cancellation of the torsion vector components in the Kjˆ–independent part of
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the operator Gjˆ . Such a cancellation agrees well with the results, obtained by Kostelecky [35] (see also [13]). In the
Appendix we have given a detailed calculation of the operator Gjˆ to linear order in the gravitational, chameleon and
torsion field approximation.
It is obvious that an anti–Hermitian part Φ
(4)
eff (t, ~r,
~S ) of the effective low–energy potential Φeff(t, ~r, ~S ) violates T (or
time reversal) invariance. Since the effective low–energy potential Φeff(t, ~r, ~S ) is invariant under CPT transformation,
the anti–Hermitian part Φ
(4)
eff (t, ~r,
~S ) violates also CP invariance, i.e. invariance under Charge–Parity transformation.
A violation of CP and T invariance in the spacetime with the asymmetric Kerr metric, which is analogous to a
spacetime in the coordinate system rotating with an angular velocity [14], has been discussed by Hadley [34]. We
would like also to mention that violation of parity and time reversal invariance in the spin–rotation interactions has
been discussed by Papini [61] and Scolarici and Solombrino [62] in the model with a modified Mashhoon’s potential
of the spin–rotation coupling [3].
Finally we would like to discuss the results, obtained in section V. As has been shown in [16]–[23] the well–
known non–Hermiticity of the Dirac Hamilton operator for relativistic fermions, moving in the curved spacetime with
an arbitrary metric g˜µν(x) or in an arbitrary gravitational field, can be removed by a non–unitary transformation
ψ → (√−g˜ e˜0ˆ0)1/2ψ′, where g˜ is the determinant of the metric tensor g˜µν(x) and e˜0ˆ0 is the vierbein field. Such a
property of the Dirac Hamilton operator is also retained in the curved spacetime with an arbitrary metric, torsion
and chameleon field [1, 13]. In section V we have shown that i) the anti–Hermitian Hamilton operator of torsion–
fermion interactions δH′
h¯
in the Dirac Hamilton operator H′ = γ 0ˆm − i γ 0ˆ~γ · ~∇ + δH′h + δH′h¯, obtained by means of
the non–unitary transformation of the Dirac fermion wave functions ψ → (√−g˜ e˜0ˆ0)1/2ψ′, cannot be removed by any
additional non–unitary transformations and ii) the existence of these anti–Hermitian torsion–fermion interactions is
fully caused by the properties of the curved spacetimes with rotation, described by the metric Eq.(3).
We have also pointed out that our analysis of the Dirac Hamilton operator and a derivation of the anti–Hermitian
torsion–fermion interactions are not related to the analysis of the non–Hermiticity of the Dirac Hamilton operator by
means of the η–representation [24], requiring pseudo–Hermitian quantum mechanics for a description of a dynamics
of Dirac fermions in curved spacetimes [24, 53, 54].
Then, we have discussed conformal invariance of the anti–Hermitian torsion–fermion interactions. As has been
shown by Silenko [20], quantum field theories of massless particles, coupled to arbitrary gravitational fields or moving
in curved spacetimes with arbitrary metrics, are conformal invariant under conformal transformation g˜µν → O2gˇµν ,
where O is a conformal factor. The requirement of conformal invariance of quantum field theories of massive particles
in curved spacetimes with arbitrary metrics can be fulfilled if and only if particle masses are changed by the conformal
factor as follows m → O−1mˇ [21] (see also [25, 26]). We have shown that under the condition m → O−1mˇ the
relativistic anti–Hermitian Hamilton operator δHh¯ and the anti–Hermitian effective low–energy potential Φ
(4)
eff (t, ~r,
~S )
are conformal invariant.
We have discussed also an observability of the anti–Hermitian torsion–fermion interactions. As a result, we may
argue that the anti–Hermitian torsion–fermion interactions can be in principle observable. First, an observability
of the obtained anti–Hermitian torsion–fermion interactions is supported by their derivation, carried out on the
same footing as the effective low–energy potentials Φ
(1)
eff (t, ~r,
~S ) and Φ
(1)
eff (t, ~r,
~S ), which have been derived earlier in
[1, 13, 22, 33]. Second, an observability of the anti–Hermitian torsion–fermion interactions Eq.(22) and Eq.(38) is
supported experimentally as follows. In the effective low–energy potential Φ
(1)
eff (t, ~r,
~S ) the interactions
δΦ
(1)
eff (t, ~r,
~S )
∣∣∣
~K=−(~ω×~r )
= −~ω · ~L− ~ω · ~S, (49)
derived also by Hehl and Ni [33], have been investigated experimentally by Werner, Staudenmann, and Colella [60], by
Atwood et al. [2] and by Mashhoon [3]. This makes reliable in principle an observability of the anti–Hermitian torsion–
fermion interactions, described by the relativistic anti–Hermitian Hamilton operator Eq.(38) and the anti–Hermitian
effective low–energy potential Eq.(22).
The analysis of reliability and observability of the obtained anti–Hermitian torsion–fermion interactions makes
meaningful the assumption that in the rotating Universe and galaxies [50] (see also [51]) the torsion–fermion interaction
δHh¯ in Eq.(38) as well as the low–energy effective potential Φ
(4)
eff (t, ~r,
~S ) in Eq.(22) might be an origin of i) violation
of CP and T invariance in the Universe and ii) of baryon asymmetry [28].
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VIII. APPENDIX A: DETAILED CALCULATION OF THE OPERATOR Gjˆ
In the Appendix we give a detailed calculation of the operator Gjˆ . According to Eq.(7) it is defined by
Gjˆ =
1
2
e˜0ˆ0(x)
(
T˜ ααℓ(x) e˜ℓjˆ(x) + ω˜0jˆ0ˆ(x) e˜00ˆ(x) + ω˜ℓjˆ0ˆ(x) e˜ℓ0ˆ(x) + ω˜ℓjˆkˆ(x) e˜ℓℓˆ(x) ηℓˆkˆ
)
+
1
2
(e˜0ˆ0(x))
2 e˜j
jˆ
(x)
1√
−g˜(x)
∂
∂xj
(√
−g˜(x) e˜0
0ˆ
(x)
)
. (A-1)
Using
√−g˜ = 1 + U+ − 3U− [1] and the vierbein fields Eq.(13) we transcribe the r.h.s. of Eq.(A-1) into the form
Gjˆ =
1
2
T˜ ααjˆ(x) +
1
2
ω˜0jˆ0ˆ(x) +
1
2
ω˜ℓjˆ0ˆ(x)K
ℓ +
1
2
ω˜ℓjˆkˆ(x) η
ℓkˆ − 3
2
∂U+
∂xjˆ
, (A-2)
where we have made the following replacements (1 + U+ + U−)T˜ ααjˆ(x) → T˜ ααjˆ(x) and 1 + U+ + U−)ω˜ℓjˆkˆ(x) ηℓkˆ →
ω˜ℓjˆkˆ(x) η
ℓkˆ and calculated
1
2
(e˜0ˆ0(x))
2 e˜j
jˆ
(x)
1√
−g˜(x)
∂
∂xj
(√
−g˜(x) e˜0
0ˆ
(x)
)
= −3
2
∂U+
∂xjˆ
, (A-3)
keeping only the linear order contributions of the gravitational, chameleon and torsion fields. Since we keep the
contributions to order O(K jˆ), we get
1
2
T˜ ααjˆ(x) =
1
2
T0ˆ0ˆjˆ +
1
2
Tℓˆkˆjˆ ηℓˆkˆ,
1
2
ω˜0jˆ0ˆ(x) =
1
2
Kjˆ
∂U−
∂t
− 1
2
∂U+
∂xjˆ
+
1
2
Kjˆ0ˆ0ˆ +
1
2
Kjˆ0ˆℓˆK ℓˆ,
1
2
ω˜ℓjˆ0ˆ(x)K
ℓ = −1
2
Kjˆ
∂U−
∂t
+
1
2
Kjˆℓˆ0ˆK ℓˆ,
1
2
ω˜ℓjˆkˆ(x) η
ℓkˆ =
∂U−
∂xjˆ
+
1
2
Kjˆℓˆkˆ ηℓˆkˆ −
1
2
Kjˆ K0ˆℓˆkˆ ηℓˆkˆ. (A-4)
Plugging Eq.(A-4) into Eq.(A-2) we derive the operator Gjˆ in the following form
Gjˆ = −
1
2
∂
∂xjˆ
(U+ + U−) +
1
2
(
T0ˆ0ˆjˆ + Tℓˆkˆjˆ ηℓˆkˆ +Kjˆ0ˆ0ˆ +Kjˆ ℓˆkˆ ηℓˆkˆ
)
+
1
2
(
(Kjˆ0ˆℓˆ +Kjˆℓˆ0ˆ)K ℓˆ −Kjˆ K0ˆℓˆkˆ ηℓˆkˆ
)
. (A-5)
Using the properties of the contorsion tensor [1] and the irreducible representation of torsion Eq.(15) we transcribe
Eq.(A-5) into Eq.(26) (see also Eq.(14)).
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